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Abstract 

We consider a non-autonomous evolutionary problem 
u{t) + A(t)u(t) = /(*), u(0) = u 



where the operator A(t) : V — > V' is associated with a form a(t, ., .) : 
V x V — > R and no £ V. Our main concern is to prove well-posedness 
with maximal regularity which means the following. Given a Hilbert space 
H such that V is continuously and densely embedded into H and given / G 
L 2 (0,T;H) we are interested in solutions u G ^(O^-H) n I/ 2 (0,T; V). 
We do prove well-posedness in this sense whenever the form is piecewise 
Lipschitz-continuous and symmetric. Moreover, we show that each solu- 
tion is in C([0, T];V). We apply the results to non-autonomous Robin- 
boundary conditions and also use maximal regularity to solve a quasilinear 
problem. 
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c3 ■ 1 Introduction 



The aim of this article is to study non-autonomous evolution equations governed 
by forms. We consider Hilbert spaces H and V such that V is continuously 
embedded into H and a form 

o : [0, T] x V x V -> C 

such that a(t, ., .) is sesquilinear for all t € [0, T], a(.,u 7 v) : [0, T] — > C is 
measurable for all u,v G V, 

\a(t,u,v)\ < M\\u\\ v \\v\\ v (te[0,T]) (V -boundedness) 

and such that 

Rea(i, u,u) > a||u||y (u G V,t G [0, T]) (coerciveness) 



'Corresponding author. 
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where M > and a > 0. For fixed t G [0, T] there is a unique operator 
*4(i) g C(V,V) such that o(t,u,u) = (A(t)u,v) for all u,u g V. Given / g 
L 2 (0, T; V), u g if, the Cauchy problem 

u(t) + 4(t)u(t) = /(t) (ie(0,T)), u(0) = w o (1.1) 

is well-posed in V; i.e. there exists a unique solution u g MR(V, V) := 
L 2 (0,T;V) n £f 1 (0,T;V')- Note that MR(V,V) c — > C([0,T],ff) so that the 
initial condition makes sense. This is a well-known result due to J. L. Lions, 
see [Sho97, p. 112], [DL88, XVIII Chapter 3, p. 620]. However, the result is not 
really satisfying since in concrete situations one is interested in solutions which 
take values in H and not merely in V (note that H ^ V by the canonical 
identification). In fact, if we consider boundary value problems, only the part 
A(t) of A(t) in H does really realize the boundary conditions in question. So 
the general problem is whether maximal regularity in H is valid in the following 
sense: 

Problem 1.1. If / g L 2 (0,T;H) and w & V, is the solution of (1.1) in 
MR(V, H) := iJ 1 (0,T;iJ)ni 2 (0,T;I/)? 

One has to distinguish the two cases uq = and m 0. For m = 
Problem 1.1 is explicitly asked by Lions [Lio61, p. 68] and seems to be open up 
to today. A positive answer is given by Lions if o is symmetric (i.e. a(t, u, v) = 
a(t,v,u)) and a(.,u,v) G C 1 [0,T] for all u, v <G V. By a completely different 
approach a positive answer is also given in [OS10] for general forms such that 
a(., u, v) e C a [0, T] for all u,v eV and some a > \. Again, the result in [OS10] 
concerns the case uo = 0. 

Concerning w ^ it seems natural to assume u € V as we did in Prob- 
lem 1.1. However, already in the autonomous case, i.e. A(t) = A, the solution is 
in MR(V, H) if and only if u Q € D(A 1 ^ 2 ), and it may happen that V £ D{A X / 2 ). 
So one has to impose a stronger condition on the initial value u or the form (e.g. 
symmetry). Lions [Lio61, p. 94] gave a positive answer for uq e D(A(0)) pro- 
vided that a(.,u,v) e C 2 [0,T] for all u, v e V and / g if 1 (0, T; iJ). Moreover, 
he asked the following particular case of Problem 1.1 (see [Lio61, p. 95]): 

Problem 1.2. For u € £(^(0)), is the solution of (1.1) in MR(V,H) = 
H l (Q,T\H)M?{Q,T\V) provided a(.,u,v) g C^T] for all u,w G VI 

A little bit hidden in his book one finds a solution to Problem 1.2 essentially 
in the case where the form is symmetric. In fact, a combination of [Lio61, 
Theorem 1.1, p. 129] and [Lio61, Theorem 5.1, p. 138] shows that Problem 1.2 
has a posit ive answ er for u Q g V, f g L 2 (0,T;H) if a{.,u,v) g C^O, T] and 
d(t, u, u) = a(t, u, m) for all u,v <E V, t <E [0, T] . 

Now we explain our contribution to the problem of maximal regularity for- 
mulated in Problem 1.1 (and Problem 1.2). We suppose that the sesquilinear 
form a can be written as a(t, u, v) = ai(t,u,v) + a2(t,u,v) where ai is sym- 
metric, ^-bounded and coercive as above and piecewise Lipschitz-continuous 
on [0,T], whereas a 2 : [0, T] x V x H -> C satisfies \a 2 (t,u,v)\ < M 2 \\u\\ v \\v\\ H 
and |02(., u, v)\ is measurable for all u g V, v g H. Furthermore we consider 
a more general Cauchy problem than (1.1) introducing a multiplicative pertur- 
bation B : [0,T] — >■ £(£f) which is strongly measurable such that < /?o < 
(B(t)g | < /3i for g g iJ, = 1, i g [0,T] and study the problem 

B{t)u{t) + A(t)u(t) = f(t) (te(0,T)), n(0) = w (1.2) 
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(where A(t) is the part of A(t) in H). The multiplicative perturbation is needed 
for several applications to non- linear problems (see below). Our main result on 
maximal regularity is the following (Corollary 5.2): Given / <G L 2 (0, T; H),u n e 
V there is a unique solution u G H\Q, T; H)nL 2 (0, T; V) of (1.2). This extends 
the result of Lions mentioned above. One of our other results, established in 
Section 4, shows that the solution is automatically in C([0,T], V). In fact, the 
classical result of Lions says that 

MR(V,V')^C([0,T];H), (1.3) 

and also that for u e MR(V, V) the function \\u{.)\\ 2 H is in VK M (0,T) with 

(\\u\\ 2 H J=2Re(u,u), (1.4) 

see [Sho97, p. 106]. In the non-autonomous situation considered here we prove 
that 

MR a (H) := {u e H x (0, T; H) n i 2 (0, T; V) : A{.)u{.) e L 2 (0, T; iJ)} 

is continuously imbedded into C([0,T], V) and that for u e MR a (H) the func- 
tion a(., «(.),«(.)) is in ^^(O.T) with 

(o(.,«(.), u(.)))" = d(.,«(.), «(.)) + 2Re(A(>(.) | «(.))h. 

Note that if u e MR(V 7 H) is a solution of (1.1), then automatically u e 
MR a (H). It is this continuity with values in V which allows us to weaken 
the regularity assumption on the form a(t, ., .) from Lipschitz-continuity in The- 
orem 5.1 to piecewise Lipschitz continuity on [0,T] in Corollary 5.2. 

We illustrate our abstract results by three applications. One of them con- 
cerns the heat equation with non-autonomous Robin-boundary-conditions 

0„u(t) + /9(t)u(t)|en = O (1.5) 

on a bounded Lipschitz domain 0. Here d v denotes the normal derivative. 
Under appropriate assumptions on /3 we prove maximal regularity, i.e., that 
the solution is in MR(H 1 (fi), L 2 (il)). This is of great importance if non-linear 
problems are considered. As an example we prove existence of a solution of the 
problem 

u(t) = m(t,u(t))Au(t) + f(t) 
u(0) =u e H\Q) 
d v u{t) + j3(t, .)u(t) = 0ondn 
i.e., a quasilinear problem with non-autonomous Robin boundary conditions on 
a bounded Lipschitz domain ft C R d . It is here that we need well-posedness 
and maximal regularity of problem (1.2) with multiplicative perturbation (of 
the form Bg = m ^ ^ g). Previous results (see [AC 10]) did not allow non- 
autonomous boundary conditions. 

The paper is organized as follows. In Section 2 we put together preliminary 
results on operators associated with forms. Also Section 3 has preliminary char- 
acter. We prove Lions' Riesz-Representation Theorem which will be used later. 
In Section 4 we prove that MR a (H) is continuously imbedded into C([0, T]; V), 
and in Section 5 we finally prove maximal regularity in H . In Section 6 a series 
of examples concerning parabolic equations are given, where the main point con- 
cerns non-autonomous boundary conditions. A product rule for vector-valued 
one-dimensional Sobolev spaces is proved in the appendix. 
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2 Forms and associated operators 

Throughout this paper the underlying field is K = C or R. This means that all 
results are valid no matter whether the underlying field is R or C. Let V, H be 
two Hilbert spaces over K. Their scalar products and the corresponding norms 
will be denoted by (. | .)h, (■ | )v , \\-\\h an d ll-llv> respectively. We assume that 

d 

i.e., V is a dense subspace of H such that for some constant ch > 0, 

\\u\\ H <c H \\u\\ v (ueV). (2.1) 

Let 

a:VxV^K 
be sesquilinear and continuous; i.e. 

|o(«,v)|<M||u|| v |H| v (u,veV) (2.2) 

for some constant M. We assume that a is quasi-coercive; i.e. there exist con- 
stants a > 0, cj G R such that 

Rea(u,u) + uj\\u\\ 2 H >a\\u\\ 2 v (ueV). (2.3) 

If co = 0, we say that the form a is coercive. The operator A € C(V, V) 
associated with a is defined by 

(Au, v) = a(u, v) (u,veV). 

Here V' denotes the antidual of V when K = C and the dual when K = R. The 
duality between V and V is denoted by (., .). As usual, we identify H with a 
dense subspace of V (associating to / e H the antilinear form v i-» (/ 1 v)h)- 
Then V' is a Hilbert space for a suitable scalar product. 

Seen as an unbounded operator on V' with domain D(A) = V the operator 
—A generates a holomorphic semigroup on V . In the case where K = R we 
mean by this that the C-linear extension of —A on the complexification of V' 
generates a holomorphic Co-semigroup. The semigroup is bounded on a sector 
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if u) = 0, in which case A is an isomorphism. Denote by A the part of A on H ; 
i.e., 

£>(A) := {u G V : Au E H} 
Au = Au. 

Then —A generates a holomorphic Co-semigroup on H (the restriction of the 
semigroup generated by —A to H). For all this, see e.g. the monographs [Ouh05, 
Chap. 1], [Tan79, Chap. 2]. 

Next we want to consider the symmetric case. The form a is called symmetric 

if 

a(u, v) = a(v, u) 

for all u,v e V. In that case the operator A is self-adjoint. By the Spectral 
Theorem A is unitarily equivalent to a multiplication operator. In terms of the 
form this leads to the following spectral representation. 

Theorem 2.1 (Spectral Representation of Symmetric Forms). Let a be sym- 
metric and coercive. Then up to unitary equivalence H, V, A, A, a are given 
as follows. There exists a measure space (f2, E,^) and a measurable function 
m : ft — > [S, oo) where 6 — -%- such that 

C H 

H = L 2 (n,n), V = L 2 (n,m^), v' = L 2 (n,%). 

Moreover 

(f,u}= / fuA^i (feV\ueV), a(u, v) — / uvmdn (u,veV) 
Jn Jn 

and 

D(A) = L 2 (VL, m 2 /i), Au = mu («e D(A)), 
Au = mu (u G V). 

Via this representation theorem we may identify H with L 2 (Q,/d) with the 
scalar product (u \ v)h = j n uvd^i. Then V = L 2 (fl, mu) with a norm which is 
equivalent to the usual norm of L 2 (fl,m^i). More precisely, 

a\\u\\ 2 v < |M£ 2(fw) = a(u,u) < M\\uf v . (2.4) 

We define the operator A 1/>2 via this spectral representation by 

A l ' 2 u = m l ' 2 u. 

Then A 1/2 G C(H, V) is an isomorphism such that A 1/2 V = H. The definition 
of A 1 / 2 does not depend on the spectral representation. The following estimates 
follow from (2.4). 

Proposition 2.2. Assume that the form is symmetric and coercive. Then 

a) UX + A)- 1 ]]^ < c^l + A)- 1 for all X > 0, 

b) ||(A + ^)- 1 || £(v , iV) < 1/a for all X > 0, 

c) H-^^ll^fH.v) < l/\fa and finally, 

d) P 1/2 ||£(H,V<) < VM, 



where c\ = yM/a max{l, c 2 H /a}. 
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3 Lions' Representation Theorem 

In this (still preliminary) section we give Lions' Representation Theorem, which 
will be used later and include its short, elegant proof for convenience. 

Theorem 3.1 (Lions' Representation Theorem [Lio59, p. 156], [Lio61, p. 61]). 
Let V be a Hilbert space, W a pre-Hilbert space such that W <^-> V . Let E : 
V x W — > K be sesquilinear such that 

a) for all w G W, E(.,w) is a continuous linear functional on V; 

b) \E(w, w)\ > a|H|^y for all w G W 

for some a > 0. Let L G W'. Then there exists aeV such that 

Lw = E(u, w) 

for all w G W. 

Proof. By the Riesz Representation Theorem there exists a linear map T : 
W ->• V such that E(v, w) = (v | Tw) v for all v G V, to G W. It follows from 
coerciveness that 

alkllw < = IMTu;)v| < ||t«|lvl|r«;||v 

Since W ^ V, there exists a' > such that 

We may assume that TW is dense in V (otherwise we replace V by TW). Then 
there exists a unique bounded operator S from V into the completion W of W 
such that 

STw = w (toeW). 
By the Riesz Representation Theorem there exists u> £ VV such that 

= (W | W)yy (to e W). 

For m e V one has the desired property 

Lw = E(u,w) (w e W) 

if and only if 

(to | S'Tw)^ = (to | w)^ = (u | Tw) v (weW) 

i.e., 

C"H^)w = ( u l w )v 

for all v G TW; or equivalently for all v £ V. Thus u := S*w has the desired 
property. □ 

Remark 3.2 (uniqueness). The vector u is unique if and only if for v G V, 
E(v, w) = for all to G W implies u = 0. This is the same as saying that TW 
is dense in V, where T is the mapping of the proof. 
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4 Embedding into continuous functions 

In this section we show that in a non-autonomous framework a mixed Sobolev 
space embeds into a space of continuous functions (extending (1.3) to a non- 
autonomous setting). Let V,H be separable Hilbert spaces over K = R or C 

such that V H . Let T > and 

d 

a : [0, T] x V x V -> K 

be a function such that a(t, ., .) : V x V — > K is sesquilinear for all t G [0, T]. 
We assume that a is U-bounded, and coercive, see Introduction. In addition we 
assume in addition that a is symmetric; i.e., 

a(t,u,v) = a(t,v,u) (t e [0,T],u,v G V), 

and that a is Lipschitz continuous; i.e., there exists a positive constant M such 
that 

|a(i,u,u) - a(s,u,v)\ < M\t - s\\\u\\ v \\v\\ v (t,s G [0,T],u,w G V). 

Remark 4.1. It follows from the Uniform Boundedness Principle that a is Lip- 
schitz continuous whenever a(.,u,t>) : [0, T] — »• K is Lipschitz continuous for all 

We denote by A(t) G C(V, V) the operator associated with a(t, .,.). We 
consider the following maximal regularity space 

Mfl a (ff) := {w G fl^O, T; H) n L 2 (0, T; V) : -4(>(.) € L 2 (0, T; #)}. 

It is a Hilbert space for the norm || .|| MRa ( H ^ given by 

\\ u \\MR a (H) := \\ u \\l 2 (0,T;V) + IMIz, 2 (0,T;.ff) + \\l 2 (0,T;H) ■ 

Under the above assumptions on the form a our main result of this section says 
the following. 

Theorem 4.2. The space MR a (H) is continuously embedded into C([0, T];V). 
Moreover, if u G MR a (H), then a(.,u(.),u(.)) G IU M (0,T) and 

(o(.,<), «(.)))' - *(.,«(•). «(•)) + 2Re(A(>(.) | «(.))*. (4.1) 

Observe that for w G MR a (H) one has it(i) G -D(.A(t)) a.e. and A(.)u(.) = 
A{.)u{.) G L 2 (0,T;iJ). Thus (A(>(.) | tt(.)) H G L x (0, T). This explains the 
second term on the right hand side of (4.1). The definition of d becomes clear 
from the following lemma. In fact, by our assumption A : [0, T] — > C(V, V) is 
Lipschitz continuous. By Lemma 4.3 a) below there exists A : [0, T] — > £(V, V), 
strongly measurable and bounded, such that 

A(t)u = j^A(t)u a.e. 

for all u G V. We define d by 

a(t,u,v) = (A(t)u,v) 

for all t G [0,T], u,v G V. Thus, for u G L 2 (0,T;V), a(t,u(.),u(.)) = 
(A(.)u(.),u(.)) G L X (0,T). Thus the right hand side of (4.1) is in V-{Q,T). 
For the proof of Theorem 4.2 we need several auxiliary results. 
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Lemma 4.3. Let S : [0, T] — > C(V, V) be Lipschitz continuous. Then the 
following holds. 

a) There exists a bounded, strongly measurable function S : [0, T] — > £(V, V) 
such that 

^S{t)u = S(t)u (u £ V) 

for a.e. t £ [0,T] and 

\\&(t)h(v,v>) < L (*e[o,T]) 
where L is the Lipschitz constant of S. 

b) Ifu£H 1 {0,T;V), toen Su := S(.)u(.) e tf^O, T; V) and 

(S U ) = S(>(.) + S(>(.). (4-2) 

For the proof of Lemma 4.3 we recall the following. If a function u : [0, T] — > 
V" is absolutely continuous, then u{t) := ^ju(t) exists almost everywhere and 
u(t) = u(0) + f*u{s)ds [ABHN11, Proposition 1.2.3 and Corollary 1.2.7]. In 
fact, the space of all absolutely continuous functions on [0, T] with values in 
V is the same as the Sobolev space W 1 ' 1 ^, T; V) and u coincides with the 
weak derivative (this is true for a Banach space V if and only if it has the 
Radon-Nikodym property). The function u is in _ff 1 (0,T;y) if and only if 
u £ W 1 ' 1 ^, T; V) and u £ L 2 (0, T; V). 

Proof of Lemma 4-3. a) Since for u € V, 5(.)u is Lipschitz continuous, the 
derivative ^S(t)u exists a.e. (see [ABHN11, Sec. 1.2]). Let Vq be a countable 
dense subset of V. There exists a Borel null set N C [0,T] such that 4zS(t) 



u 



exists in V' for all t ^ iV and all u e Vo- Since S 1 is Lipschitz-continuous it 
d , 

dt' 



follows easily that ^S(t)u exists also for all u £Vq = V and t £ N. Let 



S(t)u 



^5(i)u ift^TVand 
if t £ N. 



< 



Let L be the Lipschitz constant of S. Then 5 (t) £ C(V,V), with ||-S , (i)|| £(V)V , ) 

L for all te [0, T] and £(.)« is measurable for all u £ V. 
b) Let u £ H 1 ^, T; V). Then u £ C([0, T];V) and 

ll«lloo : = SU P IK*)llv < °°- 
te[o,T] 

Denote the supremum norm of S by 

Halloo : = SU P \\S{t)\\c<y,V>y 

te[o,T] 

We first show that Su is absolutely continuous. Let e > 0. Since u is absolutely 
continuous there exists a <5 > such that 

e 



ElK & *)-«(ai)ll<H5||-^ 
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for each finite collection of non-overlapping intervals (di,bi) in (0,T) satisfying 
^2i(bi — a-i) < S. We may take S > so small that LIMI^d < |. Then 

J2\\S(bi)u(bi) - SiaMa^W 

i 

< SlKS^i) - 5(ai))«(6i)|| + 5^||S , (a i )(t*(6 i ) - u(a<))|| 

<L^- flj )hlloo + I^ILII^II^f 



<i^ll«ll 00 +2 < e - 
Thus 5u is absolutely continuous. Moreover 

(Su)-(t) = lim l(S(t + h)u(t + h) - S(t)u(t)) 

= lim + h)- S(t))(u(t + h)- u(i)) 

+ i(S(t + h)-S(t))u(t) 
+ j-S(t)(u(t + h)-u(t))] 
= S(t)u{t) + S(t)u(t) a.e. 
Thus (Su)' e L 2 (0, T; V) and so Su e H 1 (0, T; V) . 



□ 



Recall from Section 2 that .4(f)" 1 / 2 e C(V, H) is invertible and A{ty x l 2 U = 
V. One has 



A(t) 



-1/2, 



1 Z" 00 

-/ A- 1 / 2 (A + ^(t))- 1 wdA (ueV), 

1" JO 



see [ABHN11, (3.52)] or [Paz83, Sec. 2.6 p. 69]. The inverse operator is denoted 
by Ait) 1 ' 2 with domain D{A(t)^ 2 ) = V. 

Lemma 4.4. The mappings 

a) A' 1 ' 2 : [0,T] ->£(V) and 

b) .4 1 / 2 : [0, T] -> £(V, V) 
are Lipschitz continuous. 

Proof, a) Let nel/. Then by Proposition 2.2 a) and b), 

\\A- 1/2 (t)u-A- 1/2 (s)u\\ v 
1 Z" 00 

- / A- 1 / 2 [(A + ^(t))- 1 -(A + yl( s ))- 1 ] M dA 
77 Jo v 

- / A-!/ 2 (A + ^(i))" 1 ^) - 4(t))(A + Ais))-^ dA 
n Jo 

- / A- 1 / 2 ||(^(s)-^))(A + yl( s ))- 1 u |L / , dA 
a Jo uv 

— \s-t\J A-^IKA + ^a))- 1 ^ dA 

< ci — Is - t| / A-!/ 2 (A + I)" 1 dA ||u|| v . 
a Jo 



< 



< 
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b) Let u e V. Then by Proposition 2.2 c) 

= \\A{t)A- 1/2 (t)u - A(s)A- 1/2 (s)u\\ v , 

< \\(A(t) - A{s))A- 1,2 {t)u\\ v , + \\A(s)(A- 1/2 (t)u - A- 1,2 (s)u)\\ v , 
<\t- s\M\\A- 1/2 (t)u\\ v + M\\A- 1/2 {t)u - A- 1/2 (s)u\\ v 

< \t — s\ const \\u\\ v by a). □ 

Lemma 4.5. The mappings 

a) A- 1 / 2 : [0,T] -> C(H,V) and 

b) A 1 ' 2 : [0, T] -> £(P, V') 
are strongly continuous. 

Proof, a) We know from Proposition 2.2 c) that 

\\A- l ' 2 {t)u\\ v < j-\\u\\ H (u£H,t£ [0,T]). 

Since by Lemma 4.4 a) ^4 -1 / 2 (.)w : [0,T] — > V is continuous for w e V, the 
claim follows by a 3e-argument. 
b) By Proposition 2.2 d) one has 

||.A 1/2 (t)u|| v , < VM\\u\\ H {u£H,t£ [0,T]). 

Since by Lemma 4.4 b) A^l 2 {.)u : [0, T] — > V' is continuous for u £ V, it is also 
continuous for « £ by a 3e-argument. □ 

Next we consider the Hilbert space 

MR(V, H) := L 2 (0, T; V) n P^O, T; H) 

with norm 

H U llMfl(V,H) : = IMIl 2 (0,T;V) + ll^llff^O.TsH)" 

Lemma 4.6. P^CLTjV) is dense m MR(V,H). 

Proof. We use the spectral representation Theorem 2.1. Let 

(1„ := {a; g O : m(a;) < n} 

and 

P n f = tnJ (f£H = L 2 (n,v)). 

Then P n 2 = P„ = P* g £(#), P n H C V, lim„^ 00 P„/ = / in H for all / £ H 
and lim„^ oc P„/ = / in V for all / £ V. Now let u £ MR(V,H). Then 
u „ = P n o u g ^(O^iV) and u„ = P„ o u. Thus it„ -> u in L 2 (0,T;V), 
u n ->■ it in L 2 (0,T;H). □ 

Similarly we define the Hilbert space 

MR(H, V) = L 2 (0, T; H) n P^O, T; V') 

with norm 

2 2 2 

ll U llMi?(_f/,y') = II W IIl 2 (0,T;H) + IMIff^O.T;^')' 
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Proposition 4.7. Let u G MR{V,H). Then A^ 2 (.)u(.) G MR(H, V) and 

(A 1/2 (.)u(.)J = A^ 2 (.)u(.) + -4 1/2 (.H.)- (4-3) 

Recall that by Lemma 4.4 b) 5 := A 1/2 : [0,T] -> C(V, V) is Lipschitz 
continuous. Thus by Lemma 4.3 b) there exists S : [0, T] — > £(V, V), which is 
strongly measurable and bounded. For typographical reasons we let A 1 ^ 2 () := 
S(.). Thus for u G L 2 (0,T;F), .A 1/2 (>(.) G L 2 (0,T;t/'), which explains that 
the first term on the right hand side of (4.3) is well-defined. Concerning the 
second, recall from Lemma 4.5 that A 1 / 2 : [0, T] — » C(H, V) is strongly mea- 
surable and bounded by Proposition 2.2 c). Thus, for u e i7 1 (0,T;i?) one 
has A 1/2 (.)u(.) G L 2 (0,T;F')- Thus the right hand side of (4.3) is indeed in 
£ 2 (0,T; V). 

Proof of Proposition 4.7. a) Let u G ff^O.TjV). Since S := .4 1/2 : [0, T] ->• 
C(V, V) is Lipschitz continuous (Lemma 4.4 b)), it follows from Lemma 4.3 b) 
that 5(>(.) G H X (Q,T;V) and 

^S(t)u(t) = S(t)u(t) + S(t)u(t). 

Since HS^II/vyyn is bounded on [0,T], it follows that 

\\S(-) U (-)\\l*(0,T;V>) ^ CO ^ll M llL2(0,T;y)- 

Since ||S , (t)|| £ ^ J j < const (Proposition 2.2 d)), it follows that 

\\S(-)u(-)\\l2(o,T;V) ^ const 
Finally, since H^WH^y^-) < const, it follows that 

||S(.)«(0II L 2 (0,T;H) — cons ^\\ u \\L 2 (0,T;V)- 
We have shown that 

||S(.)«(.)II MR{H,V) 

< const\\u\\ MR(VH) {ue H\0,T;V)). (4.4) 

b) Let u G MR(V,H). By Lemma 4.6 there exist u n G ff^O.TjV) such 
that u n — > u in MR(V, if). It follows from (4.4) that (S , (.)u„(.))„ e ]N is a Cauchy 
sequence in MR(H, V). Let u> = lim^oo in MR(H, V). Since w„ — > u 

in L 2 (0,T;V), passing to a subsequence we can assume that u n (t) —> u(t) a.e. 
in V. Thus S(t)u n (t) -> S(t)u(t) a.e. in Jf. Since w = lim^oo 5(.)u„(.) in 
L 2 (0,T;iJ), it follows that to = Thus £(•)«(■) G MR(H, V) and 

ti)= lim (5(.K(.))"= lim (S(.)«„(.) + S(.K(-)) =«(.)«(•) +«(•)«(■) 

n— t-oo n— >oo 

in L 2 (0,T; 1/'). This proves the proposition. □ 
Now we are in the position to prove Theorem 4.2. 



11 



Proof of Theorem 4-2. Let u £ MR a (H); i.e. u £ MR(V,H) and A(.)u(.) £ 
L 2 (0, T; H). Then by Lemma 4.5, 

Moreover by Proposition 4.7, .4 1/2 (.)u(.) £ MR(H,V). Thus one has even 
^4 1 / 2 (.)u(.) e MR(V, V). Consequently the classical continuity result (1.3) im- 
plies that A 1/2 {.)u{.) £ C([0,T];H). Now Lemma 4.5 a) implies that 

u = A- 1 /\.)A 1 /\.)u{.)£C{[0,T];V) 

which is the first assertion of Theorem 4.2. In order to prove the second we 
deduce from (1.4) that a(.,u(.),u(.)) = ||.4 1/2 (.)u(.)llj? € W^^T) and 

(a(,,(.) 1 ,(.)))=2Re((i 1 /%) u( .) M V2 (>( . )) . 
Hence by Proposition 4.7 

(a(.,<), U (.)))' = 2Rc(i 1 / 2 (.) U (.)+^ 2 (.H.),// 2 (.)u(.)) 

= 2 Rc^OX), -4 1/2 (>(.)> + 2 Re(A(.)«(.) | «(.))« 

= d(.,u(.),«(.)) + 2Re(^(.)«(.) I «(•))«■ □ 

5 Well-posedness in H 

Let V, H be separable Hilbert spaces such that V H and let 

a : [0, T] x V x V -> K 

be a form on which we impose the following conditions. It can be written as 
the sum of two non-autonomous forms 

a(t, u, v) = ai (t, u, v) + a 2 (t, u, v) (t £ [0, T],u,v £ V) 

where 

oi : [0, T] x V x V -> K 
satisfies the assumptions considered in Section 4; i.e., 

a) |oi(t,u,w)| < Mi||u|| y ||v|| y for all u, v £ V, t £ [0,T]; 

b) di(i, u, m) > for all u £ V, t £ [0, T] with a > 0; 



c) di(i, w, w) = a\(t, v, u) for all u, v £ V, t £ [0, T]; 

d) ai is Lipschitz-continuous; i.e., 

\ai(t,u,v) - ai(s,u,v)\ <Mi\t- s|||u|| v ||t;|| v 
for all u,v£V, s,t£ [0,T], 

and 

a 2 : [0, T] x V x H ->■ K 

satisfies 
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e) \a 2 (t,u,v)\ < M 2 ||u|| v ||t;|| J j for all u £ V, v e H,t £ [0,T], 

f) 02(., u,v) : V x V — > K is measurable for all tt, w e V. 

We denote by .4(f) the operator given by (,4(t)ti, v) — a(t, u, v) and by A(t) we 
denote the part of A(t) in H. Let £? : [0, T] — >• £(#) be a strongly measurable 
function satisfying 

<R*(B(%|s)ir<0iN& 

for all 5 e H, t £ [0, T] where < f3 < /?i are constants. This implies that _B(i) 
is invertible and ||-B(i) -1 |j < ^ for a.e. t £ [0,T]. Now we state our results on 
existence and uniqueness. 

Theorem 5.1. Let u a £ V, f £ L 2 (0, T;H). Then there exists a unique 
u E _ff 1 (0, T; H) L 2 (0,T;V) 

satisfying 

B{t)u(t) + A{t)u{t) = f(t) a.e. 

u(0) = M - 

Moreover, u £ C([0, T];V) and 

\\ u \\mr(v,h) < CjlKHy + II/IIz,2 (0iT; h)J . 

where the constant C depends merely on /3 , Mi, M 2l a, T and M\. 

Note that u(t) £ D(A(t)) a.e., since A{t)u(t) = f(t) - B{t)u{t) £ H a.e. So 
we may replace A(t) by A(t) in the equation. The fact that the solution u is in 
C([0, T]; V) allows us to relax the continuity condition on cii allowing a finite 
number of jumps. We say that a non-autonomous form cii : [0, T] x V x V :— > K 
is piecewise Lipschitz- continuous if there exist = to < ii < • • • < t n = b 
such that on each interval tj) the form ai is the restriction of a Lipschitz- 

continuous form on [fj_i,tj] xFx V. Then Theorem 5.1 remains true. 

Corollary 5.2. Assume instead of d) £/mf Oi «s merely piecewise Lipschitz- 
continuous. Let uq £ V, f £ L 2 (0,T; H). Then there exists a unique 

u£H 1 {Q,T-H)C\L' 2 (Q,T-V) 

satisfying 

B{t)u{t) + A(t)u(t) = f(t) a.e. 
u(0) = u Q . 

Moreover, u £ C([0,T];V). 

Proof. By Theorem 5.1 there is a solution m £ ^(O^t^H) n L 2 (Q,ti,V) on 
(0, ti) satisfying u\(0) — u 0} and u\ £ C([0,ti];V). Since U\(ti) £ V we find a 
solution u 2 £ H 1 (t 1 ,t 2 ;H) n L 2 (t 1 ,t 2 ;V) n C([t 1 ,t 2 ];V) with u 2 (h) = ui(ii). 
Solving successively we obtain solutions Ui £ H 1 (t i -i,t i ; H) n L 2 (ti-i,ti; V) n 
C([ti_i,ti]; V) with = Uj_i(ij_i) i = l,...,n. Letting tt(t) = Ui(t) 

for t G [ti-i,ti) we obtain a solution. Uniqueness follows from uniqueness in 
Theorem 5.1. □ 
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Proof of Theorem 5.1. a) Existence: Let 

V := {u e H 1 ^, T- H) n L 2 {0, T; V) : u(0) e V}. 
Then V is a Hilbert space for the norm 

/■T pT 

IMIv : =/ \Wt)\\ 2 H dt+ / |Kt)||^dt + ||«(o)||^. 

Jo Jo 

Let W := i? 1 (0, T; V) with the same norm. Consider the sesquilinear form 
£:VxW4l given by 

E(u, w) := / (B(t)ii(t) | w(t)) H e" 7 * di 
Jo 

+ / a{t,u{t),w{t))e-^ di 
Jo 

+ Oi(0,u(0),«;(0)) ) 

where 7 will be determined later. Clearly E(.,w) € V" for all w € W. We 
show coerciveness of E. For that we denote by A\{t) G £(V, V ) the operator 
associated with Oi. By assumption d) we have 

\\Ai(t)-Ax(a)\\ c( y tVI) <Mi\t-8\. (5.2) 

By Lemma 4.3 there exists a strongly measurable function A\ : [0, T] — > £(V, V) 
such that Ai(t)u = ^Ai(t)u for all u e V and t <£ N where N C [0, T] is a null 
set, and 

\\Mt)\\c<y,v>)<Mi (t&[0,T\). 

Let w € W. Recall the definition of di and _4i before Lemma 4.3. Note 
that by Lemma 4.3 the function Ai(.)w(.) is in H X {Q,T] V) and (Ai(.)w(.)J = 
Ai(.)w(.) + Ai(.)w(.). Thus it follows from the product rule Lemma 7.2 that 
Oi(., w(.),w(.)) = (Ai(.)w(-)M-)) e W^(0,T) and 

oiCO.MOJ^MiOMO.O) + Mi(.M-),O> + Mi(-M-)^(0> 

= di(., «;(.),«>(.)) +2Reoi(., «>(.), «>(•))■ 

Multiplying by e~ 7 ' (and using the scalar product rule) we finally obtain that 
ai(.,w(.),w(.))e^ 7 - e W^'^O.T) and 

[ai(.,w(.),w(.))e- 7 -]-= ai(.,u;(.),w(.))e- 7 - g ^ 
+ 2Reai(.,w(. ),«;(. ))e~ 7 ' - 7ai(.,w(. ),«;(. ))e" 7 -. 



14 



Now we prove the coerciveness estimate as follows. For w £ W one has 
\E(w,w)\ > RcE(w,w) 

>Po[ \\w{t)\\ 2 H e-^ dt + Re f ai (t,w(t),w(t))e-^ dt 



-M 2 f \\w(t)\\ v \\w{t)\\ H e-~< t di + Oi(0,w(0),w(0)) 
Jo 

- 1 jf di(t, w(t), w(t))e~^ dt +lJ o w(t))e-< 1 dt 

-M 2 / ||wW|| y ||^(t)|| H e-^ dt + ai(0,w(0),w(0)) 
Jo 

>A> / HtiWHffe-T* dt+ia 1 (T,«;(T), U ;(r))e^ T -ia 1 (0, U ;(0), U ;(0)) 



- \m x J Wwmle^ dt+^af \\w(t)\\ 2 v e-^ dt 
-ej o \\w(t)\\ 2 H e-^ dt-^ J Ht)||^ e -^dt + Oi(0,«;(0),«;(0)) 



: (.i () -f)/ im^ll^e-^di + ^ai^^O),^)) 



+ 



>«IHIv 

if e is chosen in (0, /?o) and 7 > is chosen so large that 

7a - Mi - -± > 0, 

for 

5 = min { |, (A, - e )e- 7T , ± ( 7 « - M - M 

This proves coerciveness. 
Now define L £ W by 



Lttf = Oi(0,« 0) «;(0))+ / (/(*) I w(t))ffe-T* dt, 
Jo 

where u £ V is the given initial value and / £ L 2 (0,T;H) the given inhomo- 
geneity. By Lions' Representation Theorem there exists aeV such that 

E(u,w)=Lw (5.4) 
for all w £ W. Let V G ©(0,T), wet/. Choose tu(i) = /„' ^(s) ds • i>. Then 
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w £ W. Hence by (5.4), 

f (B(t)u(t) \v) H iP(t)e~~< t dt + [ a(i,it(*)>«M*)e _7t dt 
Jo Jo 

= l T u(t)\v) H m^ it dt. 

Jo 

Since ip £ T>(0, T) is arbitrary, it follows that 

(B(t)u(t) | v) H + o(t, u(t),v) = (/(t) | w) ff (5.5) 

a.e. for all «el'. Let Vb be a countable, dense subset of V. We find a null set 
TV C [0, T] such that (5.5) holds for all t £ [0, T] \ N and all v £ V , and hence 
for all v £ % = V. Thus, for t £ [0, T] \ N one hast £ D(A(t)) and 

B(t)ii(t) + A(t)u(t) = f(t). (5.6) 

We introduce (5.6) into (5.4) and find that for all w £ W, 

/ (f(t)\w{t)) H e-^ dt + ai{0,u(0),w(0)) = E{u,w) 
Jo 

= Lw= [ {f{t)\w{t)) H e-^ dt + oi(0,uo,w(0)). 
Jo 

Consequently 

Oi(0,«(0),«;(0)) = Oi(0 ) uo,«'(0)) 
for all w e W. Letting w(t) = u(0) — uo we conclude that 

a||u(0) - u Q f v < oi(0, u(0) - uo,u(0) - w ) = 0. 

Thus it(0) = Mo- We have shown that u is a solution. 

b) Next we prove that u £ C([0,T];V). Let u £ i7 1 (0, T; _ff) n £ 2 (0, T; V) 
be a solution. Note that 

\\Mt)\\c { v,H)<M2 (t£[0,T}). 

Since 

>W*) = /(*) - B{t)u{t) - A 2 (t)u(t), 

it follows that Axu £ L 2 (0,T;H). Thus u £ MR ai (H) C C([0,T];F) by Theo- 
rem 4.2. 

c) We prove the estimate (5.1). Since u £ MR ai by b) it follows from 
Theorem 4.2 that oi(., u(.), u{.))e<- £ VK M (0,T) and 

[oi(.,ti(.),u(.)) e_7 ']"= ai(-,OX-)) e ~ 7 ' 

+ 2 Re(A! (.)«(.) | u(.))ire-T- - 7 Oi(., u(.), u(.))e~^. 

Now even though u might not be in W the above coerciveness estimate goes 
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through if we use (5.7) instead of (5.3). In fact 

1 2 

\\f\\L*(0,T ; H)\\ il \\v>(0,T-,H) + ^IKIly 
i-T 

l-T 



Re / (f(t)\u(t)) H e-^ dt+ Joi(0,«(0),«(0)) 

Re [ (B(t)u(t) | u(t)) H e- 7 * dt + Re / (A(t)w(t) | u(t)) H e" 7t di 
Jo Jo 



+ ^Oi(0,u(0),«(0)) 

>Po[ \Wt)\\ H e~ 7t dt + Re [ (A 1 (t)u(t) \ u{t)) H e-^ dt 
Jo Jo 



-M 2 J o h(t)\\ v \\u(t)\\ H e-^ dt+^oi(0,«(0),u(0)) 

= A, j^WmWl^ 1 dt+ \[ M*> «(*), u(*))e- 7t ] - dt 

-^jf di(t,«(t),u(t))e-T* dt +^J o a l {t,u{t) 1 u{t))e-< t dt 
-M 2 J^ ||«(*)|| v ||«(*)||ffC-^ dt+^Oi(0,«(0),u(0)) 

> (3 J^WmWl^ 1 ^ + ^Oi(T, u(T), U (T))e^ T - ioi(0, u(0), u(0)) 
- l -M x \\u{t)\\ 2 v e-^ dt + £ \\u(t)f v e-^ dt 



fT yr2 fT i 

-ejf ||«(t)||^*dt- 1 ^jf ||n(i)|| 2 y e-^di+ -o 1 (0,«(0),«(0)) 

fT , / M 2\ f T 

>(#>-*)/ \\u(t)\\ H e-^ dt+-\^a- M x - -£) J IK*)!!^ -7 ' di 

> S \\ u \\mR(V,H) 

if e is chosen in (0, /?o) and 7 > is chosen so large that 

Ml 

ja - Mi - > 0, 

for 

<5 = min |(/3 - e)e^ T , \ ( 7 <* - M, - e^ T 

Now Young's inequality implies (5.1). 

d) Uniqueness: The difference u of two solutions is in MR a (H) and satisfies 

B(t)u(t) + A(t)u(t) = a.e. 

u(0) = 0. 

Thus (5.1) shows that u = 0. □ 
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Our proof of Theorem 5.1 is partly inspired by Lions' proof of [Lio61, 
Thcoreme 6.1, p. 65] which is valid for u = if a is symmetric and C 1 for 
B = Id. One difference is that we have to take care of the fact that u ^ 0. 
This is done by applying Lions' Representation Theorem to a different Hilbert 
space and modified form which incorporate initial values. 

Remark 5.3. Theorem 5.1 remains true if ai is merely quasi-coercive instead of 
coercive. In fact, then we may replace o 2 by a 2 (i, u, v) = a 2 (t, u, v) — u(u \ v)h 
and cii by ai(t, u, v) = d\(t, u, v) +uj(u \ v)h and have a = di + a 2 in the desired 
form. 

Remark 5.4 (Square root property). For / = problem (1.1) does not always 
have a positive answer even in the autonomous case. If a(t, u, v) = a(u, v) does 
not depend on time, then A = A(t) e C(V, V) does not depend on time. Denote 
by A the part of A in H . Then —A generates a holomorphic Co-semigroup 
(T(t)) t >o on H . Let / = 0. Then for uq E H, u(t) = T(t)uo defines the solution 
u G H r (0, T; V) n i 2 (0, T; V) of ii(t) + Au(t) = a.e. with u(0) = u a . 

One has u G H\0,T;H) if and only if u e D(A 1 / 2 ) (sec [Arc04, 4.4.10, 
5.3.1, 6.2.2]). However by an example due to A. Mcintosh it may happen that 
V (t D(A X / 2 ). We say that the form has the square root property if V = 
D(A X / 2 ). The square root property holds for second order differential operators 
with measurable coefficients and Dirichlet boundary conditions on a Lipschitz 
domain. This is a version of the famous Kato's square root problem, solved in 
[AT03]. 

If the sesquilinear form a is of the special form a = ai + a 2 with m symmetric 
and o 2 continuous on V x iJ, then it has the square root property by a result 
in [McI72]. Our results give an alternative proof of this statement. In fact, 
Theorem 5.1 shows that V C D(A 1 / 2 ) and Theorem 4.2 that L»(A 1 / 2 ) C V. 
However, our methods do not work for the more general case where \<X2(u, u)\ < 
C\\u\\ v \\u\\ H (i.e., u = v) considered by Mcintosh. 

6 Applications 

This section is devoted to applications of our results on existence and maximal 
regularity of Section 5 to concrete evolution equations. We show how they 
can be applied to both linear and non-linear evolution equations. We give 
examples illustrating the theory without seeking for generality. In all examples 
the underlying field is R. 

6.1 The Laplacian with non-autonomous Robin boundary 
conditions 

Let be a bounded domain of H d with Lipschitz boundary F. Denote by a be 
the (d — l)-dimensional Hausdorff measure on T. Let 

P : [0, T] x T -> R 

be a bounded measurable function which is Lipschitz continuous w.r.t. the first 
variable, i.e., 

\P(t,x) -P(s,x)\ < M\t-s\ (6.1) 
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for some constant M and all t, s £ [0, T], x £ L. Wc consider the symmetric 
form 

a : [0,T] x if 1 (ft) x H\n) ->• R 

defined by 

a(t,u,v)= / VhV« dii / ()(t, .)uv d<7. (6.2) 

In the second integral we omitted the trace symbol; we should write u|rv|r if 
we want to be more precise. The form o is i/ 1 (0)-bounded and quasi-coercive. 
The first statement follows readily from the continuity of the trace operator and 
the boundedness of j5. The second one is a consequence of the inequality 

Jju\ 2 da < e\\uf H1 + cJ\uf L2{n) , (6.3) 

which is valid for all e > (c e is a constant depending on e). Note that (6.3) 
is a consequence of compactness of the trace as an operator from i? 1 (fi) into 
i 2 (r,dcr), see [Nec67, Chap. 2 § 6, Theorem 6.2]. 

The operator A(t) associated with a(t, ., .) on H := L 2 (f2) is (minus) the 
Laplacian with time dependent Robin boundary conditions 

d v u{t) + P(t, .)u = on T. 

Here we use the following weak definition of the normal derivative. Let v £ 
if^fi) such that Av e L 2 (tt). Let h G i 2 (r,dcr). Then d v v = h by definition 
if J Q VvVw + J n Avw = J r hwda for all w e _ff 1 (0). Based on this definition, 
the domain of A(t) is the set 

D(A(t)) = {ve H\n) : Av e i 2 (0), d v v + (3{t)v\ r = 0}, 

and for v £ D(A(t)) the operator is given by A(t)v = —Av. 
By Theorem 5.1, the heat equation 

«(*) - A«(t) - f(t) 

u(0) = u e ff^O) 
^u(t) + @(t, > = 0onr 

has a unique solution u £ H 1 ^, T; L 2 (Q)) n L 2 (0, T; _ff 1 (fi)) whenever / e 
i 2 (0, T, L 2 (D, j). This example is also valid for more general elliptic operators 
than the Laplacian. We could even include elliptic operators with time depen- 
dent coefficients. 

6.2 Schrodinger operators with time-dependent potentials 

Let < m £ Lj oc (R d ) and m : [0, T] x R d -> R be a measurable function for 
which there exist positive constants ce\, and M such that for a.e. x 

aim (x) < m(t,x) < a2m (x) 

and 

\m(t, x) — m(s, x)\ < M\t — s\m n (x) x-a.e. 
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for all t,se [0, T}. We define the form 

a(t,u,v) — / VuVt) di + / m(t 1 x)uv dx 

with domain 

V = \u£ H 1 ^) : ( m (x)\u\ 2 dx < ooj. 

It is clear that V is a Hilbert space for the norm \\u\\ v given by 

\\ u \\v = / |Vu| 2 dx+ / m {x)\u\ 2 dx. 

In addition, a is V-bounded and coercive. Its associated operator on L 2 (R d ) is 
formally given by 

A(t) = -A + m(t,.). 

Given / e L 2 (Q,T, L 2 (R d )) and u a E V, we apply Theorem 5.1 and obtain a 
unique solution u e ^(0, T; L 2 (R d )) n i 2 (0, T; V) of the evolution equation 

u(t) - Au(t) + m(t, .)u(t) = f(t) a.e. 

u(0) = u . 

6.3 A quasi-linear heat equation 

In this subsection we consider the non-linear evolution equation 

{tt(t) = m(t, u(t))Au(t) + f(t) 
u(0) =w G ^(O) 
d v u{t) + P(t, .)u(t) = on T 

The function m is supposed to be continuous from [0, T] x M with values in 
[S, i] for some constant 5 > 0. The domain C R d is bounded with Lipschitz 
boundary and the function j3 satisfies (6.1). By a solution u of (NLCP) we mean 
a function u e H 1 ^, T, L 2 (fl))f]L 2 (0, T, H 1 ^)) such that Au(t) G L 2 (n) t-a.e. 
and the equality it(t) = m(t, u(t))Au(t) + f(t) holds for a.e. t € [0, T]. We have 
the following result. 

Theorem 6.1. Let f e L 2 (0, T, L 2 (f7)) and u G ff^fi). TAen i/iere exists a 
sotoon u G H 1 ^, T, L 2 {Q)) n L 2 (0, T, H 1 ^)) o/ (iVLC*/ 3 ). 

We shall use Schauder's fixed point theorem to prove this result. This idea 
is classical in PDE but it is here that we need in an essential way the maximal 
regularity result for the corresponding non-autonomous linear evolution equa- 
tion established in Section 5. Some of our arguments are similar to those in 
[AC 10]. We emphasize that we could replace in (NLCP) the Laplacian by an 
elliptic operator with time-dependent coefficients (with an appropriate Lipschitz 
continuity with respect to t). Again, we do not search for further generality in 
order to make the ideas in the proof more transparent. 
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Proof of Theorem 6.1. Let us denote by H the Hilbert space L 2 (Q), let V = 
and denote by A(t) the operator on H associated with the form a(t, ., .) 
defined by (6.2). As made precise in Subsection 6.1, A(t) is the negative 
Laplacian with boundary conditions d u u(t) + /3(t, -)u(t) = on T. Given 
v G L 2 (0, T, H) we set for g e H 



B v (t)g 



i{t,v{t)Y 



Note that 



5\\gf H <(B v (t)9\9)H<]\\gf H . (6.4) 

By Theorem 5.1 there exists a unique u € MR(V, H) = H 1 ^, T, H)nL 2 (0, T, V) 
such that 

u(0) = u e V 

Now we consider the mapping 

S : L 2 (0, T, H) -> L 2 (0, T, H), Sv = u. 
By the estimate (5.1) of Theorem 5.1, we have 

\\ u \\mr(vm) < c [ll/ll^(o,r,ff) + H U °M ' ^ 6 - 5 ) 

with a constant C which is independent of v. In particular, the image of 5 is 
bounded in MR(V,H). Since V — _ff 1 (0) is compactly embedded into H = 
L 2 (Q) (recall that is bounded and has Lipschitz boundary), we obtain from 
the Aubin-Lions lemma that MR(V, H) is compactly embedded into L 2 (0, T, H), 
see [Sho97, p. 106]. As a consequence, it is enough to prove continuity of S and 
then apply Schauder's fixed point theorem to find u e MR(V, H) such that 
Su = u. Such u is a solution of (NLCP). 

Now we prove continuity of S. For this, we consider a sequence (v n ) which 
converges to v in L 2 (0, T, H) and let u n = S(v n ). It is enough to prove that (u n ) 
has a subsequence which converges to Sv. For each n€H, «„ is the solution of 

( ^ b K(*)^W = -^WM*) + ^^/(*) 
[ u n (0) = u o eV 

By (6.5), the sequence (u n ) is bounded in MR(V, H) and hence by extracting a 
subsequence we may assume that (u n ) converges weakly to some u in MR{V, H). 
Then («„)„<=« converges in norm to u in L 2 (0, T, H) by the Aubin-Lions lemma. 
By extracting a subsequence again we can also assume that v n (t)(x) — > v(t)(x) 
a.e. with respect to t and to x. Now let g g V and ip € D(0,T), and consider 

T i-T 

(B Vn {t)ii n (t) | g) H ^{t) dt= {ii n (t) | B Vn (t)g) H ip(t) dt 

Jo 

= (u n (.) | B Vn (.)gip(.)) L 2 {0tTM) . 
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The last term converges to (u(.) | B«(-)gV'(-))i 2 (o.T.if)- ln f ac t u n converges 
weakly to u in L 2 (0,T,H) and B Vn (.)g converges in L 2 (0,T,H) to B v (.)g, by 
the Dominated Convergence Theorem. We have proved that 

f (B Vn (t)u n (t)\g) H ^(t) dt^ [ (B v (t)u(t)\g) H ^(t) dt (n -> oo). (6.6) 
Jo Jo 

On the other hand, 

f (A(t)u n (t),g)i/>(t) dt= f a{t,u n {t),g)i>{t)dt 
Jo Jo 

a(t,g,u n {t))if)(t) dt 



= f {A{t)g,u n {t))i>{t) dt 
Jo 

= {A(.)g, u n (.)^(.)) L 2 {Q T V , ) L2{ia T V) . 

Since (u„) converges weakly to u in L 2 (0, T, V) it follows that the last term 
converges to (-4(.)5,"(-)^(-)}l 2 (o,t,v')^ 2 (o,t,v)- Hence 

/ (A(t)u n {t),g)iP(t) dt^ [ (A{t)u{t),g)i>{t) dt (n -> oo). (6.7) 
Jo Jo 

Therefore, we obtain from (CP) n , (6.7) and (6.6) that 

f T (B v (t)u(t)\g) H ^(t) dt = f T (-A(t)u(t) + J— f(t)\g) H i>(t) dt. 
o Jo m[t,v[t)) 

Since this true for all if) € Z?(0, T) and all g € V it follows that 

B v (t)u(t) = -A(t)u(t) + —L—f(t) 

m{t, v(t)j 

for a.c. t e [0, T]. Finally, the fact that MR(V, H) ^ C([0, T];H) together with 
the weak convergence in MR(V,H) of (u n ) to u imply 

u = u n (0) -> u(0). 

We conclude that u — Sv which is the desired identity. 

□ 



L 



7 Appendix: Vector- valued 1-dimensional Sobo- 
lev spaces 

In this section we consider Sobolev spaces defined on an interval (0,T), where 
T > 0, with values in a Hilbcrt space H. Given u e L 2 (0,T; H) a function 
u e L 2 (0, T; H) is called the weak derivative of u if 



T 

u 



f T 

(s)ip(s) ds = ii(s)ip(s) ds 
Jo 
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for all ip £ C£°(0,T). Thus we merely test with scalar- valued test functions if 
on (0, T). It is clear that the weak derivative ii of u is unique whenever it exists. 
We let 

H 1 ^, T; H) := {u £ L 2 (0,T;H) : u has a weak derivative tt £ L 2 (0,T;H)}. 
It is easy to see that if 1 (0,T; H) is a Hilbert space for the scalar product 



T 



(u | v) HH o !T . H) := / (u(t) | + (u(t) | 



dt. 



As in the scalar case [Brell, Section 8.2] one shows the following. 

Proposition 7.1. a) Let u £ i? 1 (0,T;7J). Then there exists a unique w £ 
C([0,T};H) such that u(t) — w(t) a.e. and 



w(t) 



= w(Q) + [ ii(s) ds. 
Jo 



b) Conversely, if w £ C([0, T];H), v £ L 2 (Q,T;H) such that w(t) = w(0) + 
J * v(s) ds, then w £ H 1 ^, T; H) and w = v. 

In the following we always identify u £ lf 1 (0,T;iJ) with its unique contin- 
uous representative w according to a). 

Now we use Proposition 7.1 to prove an integration by parts formula. Let 
V, H be Hilbert spaces such that V H. We consider H as a dense subspacc 

of V, cf. Section 2. 

Lemma 7.2. Let u £ ^(Q^V) and v £ tf^O, T; !/')• Then ( v (-), u (-)) & 
W 1 - 1 ^^) and 

(v(.),u(.)r=(v(.),u(-)) + (v(.)M-)) 
Proof. By Fubini's Theorem we have 

J (v(s),u(s)) ds = J (v(s),u(0) + J u(r) dr^ ds 

= <v(t),u(0))-<v(0),u(0))+ / / (*(*), u(r)) dr ds 

Jo Jo 

= (v(t), u(0)) - (v(0), u(0)) + J J (*(«), u(r)) ds dr 

= (v(t),u(0)) - («(0),u(0)) + / (v(t),u(r)} - (v(r),u(r)) dr 

Jo 

= (v(t),u(t)) - (v(0),u(0)} - f (v(r),u(r)) dr. 

Jo 



Thus 

pt /■* 

<*(*),«(*)) ds+ / 
io Jo 

which proves the claim. □ 



(«(t),u(t))=<v(0),u(0)>+ / (*(«), u(s)) ds+ / («(«),«(*)) ds 

Jo Jo 
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